For arbitrary finite groups G, the classification of i?G-lattices has been carried out in relatively few cases. The problem has been solved for G of prime order p or dihedral of order 2p. It was also solved for the case of an elementary abelian (2, 2)-group, and for the alternating group A± (see [10a] for references).
The main results of the present article deal with the case where G is cyclic of order p 2 , where p is prime. In Theorem 7.3 below, there is a full list of all indecomposable iΓG-lattices, up to isomorphism. Theorem 7.8 then gives a full set of invariants for the isomorphism class of a finite direct sum of indecomposable lattices.
Sections 1 and 2 contain preliminary remarks about extensions of lattices over orders. Sections 3 and 5 consider the following problem: given two lattices M and N over some order, find a full set of isomorphism invariants for a direct sum of extensions of lattices in the genus of N by lattices in the genus of M. The results of these sections are applied in § § 4 and 6 to the special case of iftr-lattices, where G is any cyclic p-group, p prime. Finally, § 7 is devoted to detailed calculations for the case where G is cyclic of order p z . Throughout the article, R will denote a Dedekind ring whose quotient field K is an algebraic number field, and A will be an Rorder in a finite dimensional semisimple iΓ-algebra A. For P a maximal ideal of R, the subscript P in R PJ K P , Λ Pf etc., denotes P-adic completion. Let S(Λ) be a finite nonempty set of P's, such that Λ P is a maximal iu P -order in A P for each PgS(A); such a set can always be chosen. (In the special case where A -RG, S(A) need only be picked so as to include all prime ideal divisors of the order of G.) A A-lattice is a left Λ-module, finitely generated and torsionfree (hence protective) over R. Two ^[-lattices M, N are in the same genus if M P = N P as Λ P -modules for all P (or equivalently, for all PeS(A)).
For M a yl-lattice, End/ilf) denotes its endomorphism ring, and M {n) the external direct sum of n copies of M. Let denote the external direct sum of a collection of modules 1* Generalities about extensions of modules* We briefly review some known facts about extensions (see, for example, [3] and [16] ). Let A be an arbitrary ring, and let M, N be left ^(-modules. We shall write Ext(iV, M) instead of Exti(JV, M) for brevity, when there is no danger of confusion. Let and the bottom row corresponds to the extension class 7ξ e Έxt (N, M) . Applying the Snake Lemma to the above (see [11, Exercise 2.8] ), we obtain (1.2) ker 7 = ker φ , cok 7 = cok φ .
Analogously, given any δ e A, let 0
>L-L>P >if >0
in which P is Λ-projeetive Applying Hom,ί( ,M), we obtain an exact sequence of additive groups Each ζ eExt(iSΓ, M) is thus of the form /, where /eHom(L, M) and where / denotes its image in cokΐ*. Now let δeJ; we can lift δ to a map δ x e End(P), and δ ± then induces a map δ 2 e End(L) for which the following diagram commutes:
Of course End L acts from the right on Horn (L, M), and for ζ = f as above, we have ξδ = fδ 2 in Ext (N, M We shall call ξ λ and ξ 2 strongly equivalent (notation: ξ ί ** ζ 2 ) whenever condition (1.6) is satisfied.
2. Extensions of lattices* Keeping the notation used in the introduction, let A be an iϋ-order in the semisimple if-algebra A. Choose a nonempty set S(A) of maximal ideals P of R, such that for each PgS(A), the P-adic completion A P is a maximal jβ P -order in A P . Now let M and N be /ί-lattices, so M P and N P are ^-lattices. For P$S(A), the maximal order Λ P is hereditary, and so the Jp-lattice N P is Λ P -projective (see [11,(21.5) (N, Λf), which we will denote for brevity by Ext (N, M) when there is no danger of confusion. Then Ext (N, M) is a finitely generated torsion i?-module, with no torsion at the maximal ideals PίS(Λ).
As in [4, (75.22 )], we have
PeS(Λ)
The following analogue of SchanuePs Lemma will be useful:
-lattices, and let T be an Rtorsion Λ-module such that T P = 0 for each PeS(Λ).
Suppose that there exist a pair of Λ-exact sequences
Then there is a Λ-isomorphism
Proof, Let W be the pullback of the pair of maps /, g. Then we obtain a commutative diagram of ,4-modules, with exact rows and columns:
At each PeS(A) f we have T P = 0 by hypothesis. However, the process of forming P-adic completions preserves commutativity and 472 IRVING REINER exactness, since R P is iϋ-flat. Hence both of the Λ-exact sequences
On the other hand, for PgS(Λ) we know that Λ P is a maximal order, so the Λ P -lattices X P , Y P are Λ P -projective. Hence the sequences (2.3) are also split at each P&S(Λ). Therefore they split at every P, and hence split globally (see [11, (3.20) 
]). This gives

W=X'®Y, W=X®Y' ,
and proves the result. This result is due to Roiter [15] .
We shall apply this lemma to the following situation. Each ζ e Ext (N f M) determines a Λ-exact sequence
with X unique up to isomorphism. The sequence is jR-split since N is i2-projective, and so X = Λf0 N as j?-modules. Thus X is itself a ^-lattice, called an extension of N by M. There is an embedding M -> K ® B M, given by m -> 1 (x) m for m e M; we shall always identify M with its image 1 (x) M, so that K (g) Λ M may be written as KM. We shall set
Then KΓ = End^(iθί), and Γ is an j?-order in the semisimple Kã lgebra KΓ. Likewise KΔ = Enά A (KN), and Δ is an iϋ-order in the semisimple iΓ-algebra KΔ. For each 7 e Γ, δ e Δ, we may form the Λ-lattices r X and X δ as in § 1. We now prove (2.4) EXCHANGE FORMULA. Let X and Y be a pair of extensions of N by M, and let 7 6 End (M) satisfy the condition (2.5) Ί P e Aut (M P ) for each P e S(Λ) .
Then there is a Λ-isomorphism
Proof. For each PeS(Λ), we have (ker 7) P = ker (7 P ) = 0 , (cok y) P = cok (y P ) = 0 . Now ker 7 is an j?-submodule of the Λ-lattice M, and thus ker 7 is itself an iϋ-lattice. Since (ker y) P = 0 for at least one P (namely, for any PeS(Λ)), it follows that ker 7 = 0. From (1.1) and (1.2) we obtain Λ-exact sequences
where cok 7 = M/y(M). But (cokτ) P = 0 for each PeS(Λ), so we may apply Lemma 2.2 to the above sequences. This gives the isomorphism in (2.6) , and completes the proof.
In the same manner, we obtain (2.7) ABSORPTION FORMULA. Let X be an extension of N by M, and let 7 6 End (M) satisfy condition (2.5) . Then Proof. Apply Lemma 2.2 to the pair of exact sequences
REMARK 2.8. There are obvious analogues of (2.6) and (2.7) , in which we start with an element δ e End (N) such that δ P e Aut (N P ) for each PeS(Λ).
Now let M, N be ^[-lattices, and let
In fact, by Roiter's Lemma (see [11, (27.1) ]), we can find /ί-exact sequences
in which T P = 0 and U P = 0 for all PeS(Λ).
(hereafter called a standard isomorphism), which may be described explicitly as follows: if ξ e Ext (ΛΓ, M), then t(ξ) = ψζψ' (in the notation of § 1). Thus, if ζ determines the /ί-lattice X (up to isomorphism), then t(ξ) determines the yl-lattice φ (X)ψ,, which lies in the same genus as X.
Proof. We may choose a nonzero proper ideal α of R, all of whose prime ideal factors lie in S(Λ), such that α Ext(iV, M) = 0. If μeEnd(M) is such that μ -leα End(Λf), it then follows that μ acts as the identity map on Ext (N, M).
Let ί be a standard isomorphism as in (2.10) , induced from the pair of maps (φ, ψ') as in (2.9) [11, (38.1)] Proof. Each /ί-lattice X, which is an extension of JV by M, determines an extension class ξ e Ext (N, M). Two X's which yield the same ξ must be isomorphic to one another, but the converse of this statement need not be true. (Herein lies the difficulty in the proof.) In any case, given the extension X, let ξ be its extension class; set ξ' = t(ξ) e Ext (JV', M'), and let ξ' determine the ^-lattice X f (up to isomorphism). Then X f is an extension of JV' by M', and X' V X. Now let Y be another extension of N by M, and let Y' be the corresponding extension of JV by ikf\ We must prove that X = Y if and only if X' = Y\ (Note that every extension of JV by M f comes from some X, by virtue of Lemma 2.11 .) It suffices to prove the implication in one direction, since by (2.11) the inverse of a standard isomorphism is again standard. Furthermore, every standard isomorphism can be expressed as a product of two standard isomorphisms, each of which involves a change of only one of the "variables" M and N. It therefore suffices to prove the desired result for the case in which there is a change in only one variable, say M. Thus, let us start with an inclusion φ: M > M r as in (2.9) , such that (cok^) P -0 for all PeS(Λ).
Given an exact sequence
define a ^-module X' as the pushout of the pair of maps (μ, φ). We then obtain a commutative diagram of /ί-modules, with exact rows:
Then X r is precisely the ^-lattice determined by X as above, by means of the standard isomorphism t: 
Therefore we obtain (2.14) by Lemma 2.2.
are in the same genus, and we may rewrite (2.14) as (2.15) leF^IφΓ.
Clearly KX~K (M($N) , and thus X is an Eichler lattice (since Λf φ JV is an Eichler lattice by hypothesis). By Jacobinski's Cancellation Theorem [8] , we may then conclude from (2.15) that X'~Γ\ This completes the proof of the theorem.
holds true whether or not MφN is an Eichler lattice.
(ii) Suppose that Horn (M, N) = 0. By (1.5) , there is a one-toone correspondence between the set of all isomorphism classes of Λ-lattices X which are extensions of N by M, and the set of orbits of the bimodule Ext (N, M) under the left action of Aut (N) and the right action of Aut (M). By definition, two elements of Ext (N, M) are strongly equivalent if they lie in the same orbit. The preceding theorem then shows, in this case where Horn (M, N) -0 and where M 0 N is an Eichler lattice, that the orbits depend only upon the genera of M and N. Indeed, we have shown above that under these hypotheses, standard isomorphisms preserve strong equivalence.
(iii) In the special cases of interest in § § 4-7, one can prove (2.12) directly without using Jacobinski's Cancellation Theorem (see [13] , for example).
The author wishes to thank Professor Jacobinski for some helpful conversations, which led to a considerable simplification of the original proof of Theorem 2.12.
3* Direct sums of extensions* As in § 2, let Λ be a i?-order in a semisimple ϋΓ-algebra A, where K is an algebraic number field. , Jkf (r) ), and let ζ t determine the extension Y t of N ίs) by M {r) . Since Rom Λ (M Lr) , N {s) ) = 0, we may apply (1.5) As before, call ξ 1 strongly equivalent to ξ 2 (notation: ξ t ^ ξ 2 ) whenever condition (3.2) is satisfied. We may rewrite this condition in a more convenient form, as follows: there is an isomorphism
where the right hand expression denotes the set of all r x s matrices with entries in Ext (N, M). If we put
acting from the left on M and N, respectively, then we may identify Aut M As a matter of fact, we may choose a nonzero ideal α of R, involving only prime ideals P from the set S(A), such that α-Ext(iV, M) = 0. Then Γ acts on Ext (AT, M) via the map Γ-+Γ, where Γ = Γ/αΓ. Hence GL(r, Γ) acts on (Ext (JV, M)) rxs via the map GI#(r, Γ) -> GL(r, Γ). A corresponding result holds for Δ.
We are thus faced with the question of determining the orbits of (Ext (ΛΓ, Λf )) rxs under the actions of GL(r, Γ) and GL(s, Δ). We cannot hope to specify these orbits in general, but we shall see that they can be determined in some interesting special cases which arise in practice. Before proceeding with this determination, however, it is desirable to adopt a slightly more general point of view.
Let M and N be as above, and let are Eichler lattices, then by (2.11) t gives a one-to-one correspondence between strong equivalence classes in these two Ext's. We remark in pass-
is necessarily an Eichler lattice if r > 1. As a consequence, we deduce PROPOSITION 3.3. Let M, N which carries diag^, « ,ί r ) onto diag (^(£0, •• ,ί r (ί r )) The proposition then follows at once from the above discussion. 
Then Ri = ^[a?]/(Φi(a?)), a factor ring of Λί, so every i^-module may be viewed as Λ-module.
Given a /ί-lattice M, let
Thus L is a y4 Λ _ Γ lattice, and it is easily verified that M/L is an -lattice. Assuming that we can classify all L'a, the problem of finding all /ί-lattices M becomes one of determining the extensions of ^-lattices by such L's. This procedure works well for K = 1, 2 (see [1] , [7] ), but gives only partial results for K > 2.
Let us first establish a basic result due to Diederichsen [5] :
and let L be a A-lattice such that
this image may be any element of L which is annihilated by the Λ-annihilator of the ideal Φ 5 (x)A. This ./f-annihilator is {ΠίW+i Φ»(α)} (sc pί '~ι-lM, which annihilates L by hypothesis. Thus every element of L may serve as the image f(Φ 3 {x)), and so
We shall consider the problem of classifying extensions of R r lattices by 2^-lattices, where 0 ^ i < j <Z tc. However, a slightly more general situation can be handled by the same methods, and this extra generality will be needed later. Let E be any Z-torsionfree factor ring of Λ 3 -_ lf so E is a border in a Q-algebra which is a subsum of UϊiΓ^ Let / be the kernel of the surjection Z[x]->E. If α /(x)eJ, where aeZ is nonzero and f(x) eZ [x] , then also f(x) e J since E is Z-torsionf ree. This implies readily that / is a principal ideal (h(x)), generated by a primitive polynomial h(x) e J of least degree. Since x p3~ι -le/, we find that h{x) divides x^~l -l, so h(x) is monic. This shows that E is of the form
. Let E be as above; an ^-lattice L is called locally free of rank r if L V i? (r) . (Note that all ^-lattices are necessarily locally free.) We intend to classify extensions of ϋ? r lattices by locally free Elattices. From (4.1) we have
Thus E is a factor of a local ring yϊ^, and hence is itself a local ring of the form
, where e = degfe(x) . [11, Exercise 27.7] ), a locally free S-lattice L may be written as L = Π£=i &&> where each b fc is an ^/-lattice in
The isomorphism class of L is determined by its rank r and its Steinitz class (that is, the isomorphism class of Tΐb k computed inside QE). Suppose that L and N are given, and let ζ 6 Ext^JV, L) determine a /{-lattice X. We wish to classify all such X's up to isomorphism. We have
where E rxs denotes the set of all r x s matrices over E. Note that Ή,om Λ (E, R 5 ) = 0 since Φ 3 -(x) annihilates R jf but acts as multiplication by p on the Z-torsionfree ^-lattice E. Furthermore, both
is the isomorphism given above, it follows from § 3 that a full set of invariants of the isomorphism class of X are (i ) The rank s and Steinitz class of N, (ii) The rank r and Steinitz class of L, and (iii) The strong equivalence class of ί(£) in E rxs . We shall assume that the problem of classifying all lattices N and L can be solved somehow. To classify all i^-lattices, we must determine all 22, -ideal classes in K ίf and we assume that this has been done by standard methods of algebraic number theory. To classify all Us, we need to determine all classes of locally free Eideals in QE. This is a difficult problem when j *> 3, and can be handled to some extent by the recent methods due to Galovich [6] , Kervaire-Murthy [9] , and Ullom [18] , [19] .
Supposing then that N and L are known, we shall concentrate on the problem of determining all strong equivalence classes in E rxs . There are homomorphisms here, a acts as φ*(a), and β as ψ*(β). We wish to determine the strong equivalence classes in ΓfflXW (We have already encountered this problem in § 4, where we had a pair of rings R ό and E, with ring sur jections R d -> E, E -+E, and where E was a local principal ideal ring. In order to classify all extensions of an .By-lattice of rank s by a locally free ^-lattice of rank r, we needed to determine the strong equivalence classes of E rxs under the actions of GL(r, E) and GL (s, Rj) .) Returning to the more general case, we note that if ξ & ζ' in Γ mxn , then ζ is equivalent to £' in the usual (weaker) sense, that is, ξ' = μξv for some μ,ve GL{Γ). We can use the machinery of elementary divisors over the commutative principal ideal ring Γ; these elementary divisors may be chosen to be powers of the prime element λ. Letting el. div. (£) denote the set of elementary divisors of ξ, we have at once We are now ready to turn to the question as to when two elements ζ and ξ' in Γ mxm are strongly equivalent. By (5.2), it suffices to treat the case where ζ and ξ' have the same elementary divisors. We shall see that there is exactly one additional invariant needed for this case. To begin with, we introduce the following notation: let ζeΓ mxm f and suppose that ζ ^A where D is given by (5.6). We set
GL{χ, E) > GL(r, E), GL(s, R d ) > GL(s, E)
where u*(Γ) denotes the image of u(Γ) in u(Γ') 9 and u*(Δ) the image of u(Δ). Define
The main result of this section is as follows: 
Proof. Supposing that conditions (i) and (ii) are satisfied, let
where D is given by (5.6). Setting u = ΐlu it v! = Uu' ίf it follows from the proof of (5.7) that
, λ*«-J, λ &^' ) .
By virtue of (ii), there exist elements yeu(Γ), deu(
Therefore ζ' p& ξ 9 as desired. Conversely, assume that ξ p& ξ', so (i) holds by (5.2) . In proving (ii), we may assume without loss of generality that ξ and £' are equal (respectively) to the diagonal matrices listed in (5.11) . Since ζ**ζ' f we have μξ' = ξv for some μ e GL(m, Γ), v e GL(m, Δ). It is tempting to take determinants of both sides, but this procedure fails because λ e = 0 in Γ. Instead, we proceed as follows: let D Qdiag(λ*s •• ,λ fc ™), and put A = ?>*(Aθ diag (1, , 1, v!) 
The equation μζ' -ζv then becomes μ^D Q = A ^i By (5.12) below, this implies that (det μ^)X km = (det vjλ** 
. But detft = ^' and det^ = u ψ(detv). Therefore the images of u and u' in differ by a factor from u,*(Γ)u*(d), which shows that u(ξ) -u(ξ') in
(i) p-el. div. (X) = j>-el. div. (F), (ii) ^fce^ m = n, u γ = ± ^x(mod p e~k ) ,
where k is the maximum of the exponents of the p-elementary divisors of X. (If k ^ e, condition (ii) is automatically satisfied.)
For the particular cases needed in § § 6-7, one can easily deduce (5.7) and (5.10) as special cases of the results of Jacobinski [8] . However, it seemed desirable to give here a self-contained proof of (5.7) Since G is a p-group, the genus of X is completely determined by the p-adic completion X p . In the local case, however, the ideal classes occurring above are trivial, as is the group in which u(ξ x ) lies. Therefore the genus invariants of X are just r, s, and el. div. (f x ). Furthermore, by (5.5) the extension X must decompose into a direct sum of ideals b of R j7 locally free ideals c of E, and nonsplit extensions of c by b. Let us denote by (b, c; X ku ) an extension of c by b corresponding to the extension class X k u e E, where 0 2* k < e f ue u(E), and we have chosen some standard isomorphism Ext(c, b) = E. By (1.5), the lattice (b, c;X k u) is indecomposable since
Some further notation will be useful below. Let us set
, where 1 ^ m ^ e. There are ring surjections E->E', R ό ->E f \ let u*(E) denote the image of u{E) in u(E'), and define u*(R s ) analogously. We now set It follows from the above discussion that a full set of isomorphism invariants of (b, c; X k u) are the isomorphism classes of b and c, the integer k, and the image of u in U e _ k . The genus of X depends only on k.
We may remark that the group u(E') is easily described, namely,
where in the product i ranges over the integers between 1 and m -1 which are prime to p. On the other hand, the calculation of u*(E) and u*(Rj) is considerably more difficult, and the results so far known are given in [6] , [9] , [18] , and [19] . It is easily veri-fied that u*(Rj) contains the factor u(Z), and further that 1 + λ e u*(R/) since 1 + λ = x. It follows at once that U 1 and U 2 are trivial for all p. In the special case where E = R t with i < j, we claim that u*(Rj)ciu*(R t ), and hence that
Indeed, as pointed out in [6] , there is a commutative diagram
where R t -RJpRi and N is the relative norm map. Hence im^ c im^, which implies that u*(R s )cu*(Ri) in u(E').
The structure of U m has been studied in detail by Galovich [6] and , especially for the case of regular primes. An odd prime p is regular if the ideal class number of R 1 is relatively prime to p (see [2] ). For regular p, we have , where /(m) is the number of odd integers among 3, 5, , m -1 which are prime to p. Some additional information is available for the special case where j = 2; here, e ^ p and U m is an elementary abelian p-group. Let δ(k) be the number of Bernoulli numbers among B ίf B 2 , •• ,β fc whose numerators are divisible by p. Then (see [2] ) the prime p is regular if and only if δ((p-3)/2) = 0. 
Here, we must interpret the greatest integer function [(m -2)/2] as 0 when m < 2. Further, for j -2, TJ m is trivial when p = 2.
For the case where i? = Z[x]/(x p -1) and i = 2, it is known (see [6] , [9] , [19] ) that u*(E) = i6*(J? 2 ) for all m and all regular or properly irregular primes p. It seems likely that a corresponding result holds for j > 2 for arbitrary E, for all primes p (in this connection, see [19] ).
From the results stated earlier in this section, we obtain THEOREM 6.3a. Consider the direct sum
where each h is a locally free E-ideal 9 each c an Rj-ideal, and 0 ^ ki < e 9 Uiβ u(E) for each i. We may view Y as an extension
Γo^πb eπb,, r, = πc;eπc,,
( Several remarks are in order concerning the above result. First of all, we note that
i ) The genus of Y is determined by the integer b + d ( -E-rank of Y o ), the integer c + d ( = R
as a consequence of the Absorption Formula (2.7). Namely, choose w eE with image ueE, so then This is of special interest in that it applies to a situation in which the summands lie in different genera. We may also deduce (6.6) from Jacobinski's Cancellation Theorem [8, § 4] if desired.
To conclude these remarks, we may point out that the results of § 5 yield a slightly more general cancellation theorem, as follows: let A be any iί-lattice in a semisimple iΓ-algebra A, and let M, N be ^-lattices with commutative Λ-endomorphism rings Γ, Δ, respectively. For i = 1, , d, let X i be an extension of N by M corresponding to the class ζ t e Ext(N, M). Suppose that for each i, we may write ξ d = Ύiζiδi for some 7* e Γ, δ t e Δ, and let X' be any Λ-lattice. Then Ίϊ U I.φl^ Ίϊ X, 0 X f if and only if X d = X' .
1
Further, the same result holds if each X % is replaced by a lattice in its genus.
7* Cyclic groups of order p 2 . We shall now determine a full set of isomorphism invariants of ^G-lattices, where G is cyclic of order p 2 . To simplify the notation, we set
where Z = Z/pZ and λ = 1 -x. By § 4, every .E-lattice is an extension of an iϋ-lattice by a Z-lattice. In this case, we have Ext (R, Z) ~ Z, and u(R) maps onto u(Z). Thus by § 6, the only indecomposable ^/-lattices are Z, b, and E(b) = (Z, b; 1), where b ranges over a full set of representatives of the h R ideal classes of R. Here, (Z, b; 1) denotes an extension of b by Z corresponding to the extension class \eZ, using a standard isomorphism Ext (b, ^)Z . We note that E(b) V E f so E(b) is a locally free S-lattice of rank 1; conversely, every such lattice is isomorphic to some E(b).
By § 6, every ^-lattice L is of the form (7.1) L^Z«>®UV<U and a full set of isomorphism invariants of L are the integers α, by c (the genus invariants), and the ideal class of ΠbJ Πb-,-. Now let M be any ^G-lattice. By § 4, M is an extension of an S-lattice N by an ^-lattice L. A full set of isomorphism invariants of M are the isomorphism class of L (just determined above), the isomorphism class of N, and the strong equivalence class in Ext (N, L) containing the extension class of M, Of course, N is determined up to isomorphism by its S-rank and Steinitz class. Furthermore, in calculating strong equivalence classes in Ext (N, L) , we may replace N by any lattice in its genus, and likewise for L. Thus it suffices to treat the case where L is a sum of copies of Z, R, and E, and where N is S-free. However, our conclusions can be stated more neatly as an answer to the following equivalent question: what are the isomorphism invariants of a direct sum of indecomposable ZG-lattices?
As shown in [7] , a ZG-lattice M is indecomposable if and only if M p is indecomposable. The indecomposable i^G-lattices can be determined explicitly by considering strong equivalence in the local case (see [1] or [7] ; the case p = 2 is treated in [14] and [17] ). Rather than repeat the local argument here, we just state the conclusion: every indecomposable ϋίG-lattice is in the same genus as one (and only one) of the following Ap + 1 indecomposable ZG-\at-tices:
Here (Z, S; 1) represents an extension of S by Z with class ϊ e Z, using the isomorphism Ext (S, Z) = Z. Further, (Z 0 E, S; 1 0 λ r ) denotes an extension of S by Z @ E with class (1, λ r ) e Z 0 E, using the isomorphism Ext (S, Z@ E) = Z@ E. Analogous definitions hold for the other cases.
A full set of nonisomorphic indecomposable ^G-lattices may now be obtained from (7.2) , by finding all isomorphism classes in each of the genera occurring in (7.2) . This was done in [12] , but we take this opportunity to correct a misstatement in that article. Let us denote by U m a full set of representatives u in u(R) or u(E) of the elements of the factor group U m , where the u's are chosen so that UΞI (modλ Consider next the classification of lattices in the genus of (Zφi2, S; 1® λ r ), where 0 ^ r ^ p -2. The following observation is needed both here and later: each ίMattice L is expressible as an 
(R), β e u(S).
Choose β so that g/S = ϊ in Z, and then choose a so that £w'/3 lies in Up^-r. This proves that M' is isomorphic to one of the lattices in (f), and therefore (f) gives a full list of nonisomorphic indecomposable ZG-lattices in the genus of (Z 0 R } S; 1 0 λ r ). Turning to the most difficult case, we have Ext (S, Z@E, and we must determine strong equivalence classes in under the actions of Aut(Z02?) and Aut (S). We may represent --ίz\ the elements of Z0 E as vectors (-) on which Aut(Z0i?) acts from the left, and Aut (S) from the right. Let Φ(x) denote the cyclotomic polynomial of order p.
Since Horn (£7, Z) = Z and Horn (Z, E) = Φ(x)E, we obtain (7.4) EndCZ0#) =(/:/= (** . ^, α, 6 e There is a fiber product diagram
and an I?-exact sequence
0->z θ 2
Each /eEnd(^0^), given as in (7.4) (2, Z) whose (2, 1) entry is divisible by p, we can find an automorphism / such that /i = μ. Now let M be a lattice in the genus of (Z 0 E, S; 1 φ λ r ) with extension class ί-J. Since ί-j ^ (-) for some <?i , we may hereafter assume that z -ϊ. Factoring out the submodule Z0Z of Mas before, we obtain an extension M* of S by R, with extension class %(β), where φ 2 : E -> JB is induced from gv The isomorphism class of M* is determined from that of M. In particular, if the extension class of M is L , ), where 1 <g r ^ p -2 and u e w(2ί), then the Since det / x = ± 1, we have ad = ± l(mod λ) in E. Thus we obtain (7.6) u r = sdu = ± a~2u (modλ) .
If p ΞΞ 3 (mod 4), then as a ranges over all integers prime to p so does ±α~2, and (7.6) imposes no condition on u(modλ). However, if p = I(mod4), then ±α~2 is always a quadratic residue (modp). It follows from (7.6 ) that the quadratic character of u (mod λ) is an invariant of the strong equivalence class of L r \ and is therefore an isomorphism invariant of M. This argument, together with the discussion in the preceding paragraph, shows that no two of the lattices listed in (c) and (d) can be isomorphic.
To complete the proof of the theorem, we must show that a given lattice M with extension class ί * J, where 1 <; r ^ p -2 and ueu(E), is isomorphic to one of the lattices in (c) and (d).
Choosing a = 1, & = 0, d = 1 in (7.5'), we see that we can change (iii), and proceed to show that the proposed invariant is indeed an isomorphism invariant of M Define Λf * = M/L o as in the proof of (7.3) ; then M* must be a direct sum of lattices in the genus of (R, S; λ r ) for various r, because of the hypotheses on M. It follows from § 6 that the image of u o (M) in U m is an isomorphism invariant of Λf* (and hence also of M), where
Thus we see that if τ λ <ί r 2 , then the image of u o (M) in i7 2 ,_ 1 _ r2 is an isomorphism invariant of M, as claimed. Now let r x > r 2 , and suppose M is as in (iii), so M is a direct sum of lattices in the genera of 
A
The top row corresponds to summands of type Z; each D t is a diagonal matrix with diagonal entries of the form X r u or Wun 0 ; the four columns correspond (respectively) to the last four types of summands listed in (7.9) . Changing notation slightly, we may then write for some C 41 . The same procedure can be carried out for the blocks in positions (5, 1) , (4, 2) , and (4, 3) . Setting k -p -1 -r 2 for brevity, we obtain Now 7\ > r 2 ί> 0 gives τ x ^ 1; thus for each p e R, the product X r ψ is unambiguously defined inside E. The method of proof of (5.10) then shows that Step 2. Suppose next that the hypotheses of (iv) are satisfied. Then M is a direct sum of lattices in the genera of This proves that in case (iv), the quadratic character of the image of u Q (M) in u(Z) is an isomorphism invariant of M. (This argument is an obvious extension of that given in the proof of (7.3).)
Step 3. To complete the proof, we must show that the set of invariants (i)-(iv) do indeed determine M up to isomorphism. We shall accomplish this by repeated use of the Absorption and Exchange Formulas of § 2, and for this purpose we need a collection of short exact sequences. For brevity of notation we omit the 0's at either end of such sequences, agreeing that the first arrow is assumed monic, the second arrow epic.
We have already pointed out that every element in a factor group U k can be represented by an element u in E or R, such that u Ξ= l(modλ). For such u, we have uZ = Z, and thus 
